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Monitoring of the particle size distribution (PSD) in emulsion polymerization is a very
important task to improve the product quality. However, on-line sensors used to measure
PSD, such as capillary hydrodynamic fractionation, usually require taking samples and
the analysis time is still too long for control. This work proposes the combination of
mathematical models with existing on-line sensors to obtain a continuous estimation of the
PSD by constructing nonlinear estimators. Simulations of the observers show that they are
able to detect particle nucleation and to give an estimation of the whole PSD. © 2005
American Institute of Chemical Engineers AIChE J, 51: 3167-3185, 2005
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Introduction

Controlling the particle size distribution (PSD) is an impor-
tant task in emulsion polymerization processing. The PSD is an
important parameter that affects the polymer rheology, adhe-
sion, optical properties, mechanical strength, and the latex
stability and is an important parameter in control of process
productivity because it determines the reaction rate. The par-
ticle size is also an important parameter for film formation (see,
for example, Geurts et al.!). In addition, by producing multi-
modal latices, Guyot et al.> were able to maximize the latex
solids content and to reduce its viscosity.

One of the difficulties in controlling the PSD lies in the lack
of on-line instruments that are able to measure it continuously
and on-line. Quasi-elastic light scattering (QELS) is usually
used to measure the particle size for monomodal latices. On-
line spectroscopic techniques such as near-infrared or Raman
spectroscopies have also been used to measure the particle size
in polymerization processes.> However, with respect to light-
scattering techniques, the QELS technique is more efficient for
monomodal latices. Multimodal latices can be measured by
off-line microscopic techniques, transmission electron micros-
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copy (TEM), or scanning electron microscopy (SEM), all of
which require sample preparation. A disc centrifuge photosedi-
mentometer is also used off-line to measure the PSD of mul-
timodal latices with a wide range of diameters. For on-line
measuring the PSD of multimodal latices, separation tech-
niques such as capillary hydrodynamic fractionation (CHDF)*
and flow-field flow fractionation (f-FFF)>¢ give good perfor-
mances. In CHDF, the particle size is obtained from the elution
time by calibration. The relative particle concentration is ob-
tained by UV absorbance. In f-FFF, usually multiangle laser
light scattering is used as a detector, which allows absolute
determination of the particle size. In CHDF, small particles are
retained in the column for a longer time and thus larger parti-
cles exit first, whereas in f-FFF smaller particles are the first to
leave the column. Sample analysis takes about 12 min in
CHDF and a waiting period of 10 min is required between the
samples. In f-FFF, the separation phase takes 20—-30 min.

Another factor retarding the development of PSD control lies
in the difficulty in modeling and determining the kinetic pa-
rameters of the system. Gilbert” proposed the 0—1 model and
identified the kinetics for styrene polymerization. This model
was then used by Coen et al.® to model coagulation and
secondary nucleation. Using the same model, Sood® used
CHDF and calorimetry to study the influence of the monomer
addition protocol, emulsifier, and initiator charges on the evo-
lution of the PSD of a seeded styrene system.
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Immanuel et al.'® used the pseudo-homopolymerization
model, initially proposed by Storti et al.,!! to study the PSD for
vinyl acetate and butyl acrylate polymerizaion and in a later
work* to study particularly the effect of surfactant type and
coagulation on the PSD using CHDF and densimetry. This
model was also used by Ginsburger et al.'?> to model and
identify styrene/butyl acrylate copolymerization.

The difficulties in controlling the PSD also arise from the
fact that the PSD is represented by partial differential equations
that can be solved by different approximation methods (dis-
cretization methods, method of moments). Ramkrishna'> gave
a good presentation of the population balance equations and the
mathematical methods that can be used to solve them. Imman-
uel and Doyle!4 presented an efficient solution technique for
population balance equations that is not based on approximat-
ing the population balance equations.

Finally, applying techniques of estimation and control to
these models requires theoretical validation. Semino and
Ray!s16 proposed a theoretical study of the controllability of
the PSD of continuous-emulsion polymerization reactors. The
theoretical controllability of the system was demonstrated us-
ing a linearized process model and validated by simulation to
the nonlinear model. The authors showed that the PSD is
controllable using the manipulating variables: surfactant, initi-
ator and inhibitor concentrations, and assuming monomer con-
version and total number of particles in the reactor to be
measured. However, the authors outline that the process is
easier to be controlled using the surfactant flow rate that acts
directly on the concentration of micelles. An experimental
study of the evolution of the PSD in continuous reactors was
done by Ohmura et al.'”

Because of these difficulties, only few papers in the literature
have treated controlling the whole PSD. Crowley et al.'8 used
the 0—1 model to obtain a bimodal target distribution of styrene
polymerization. The authors compared both the surfactant feed
rate and free concentration as control variables that were cal-
culated by an optimization algorithm. To control the PSD,
Zeaiter et al.'® used the 0—1 model for styrene polymerization.
The authors applied an optimal control strategy that calculates
on-line the desired monomer flow rate required to obtain the
desired PSD. Immanuel and Doyle?® proposed an open-loop
control strategy to control the PSD for vinyl acetate and butyl
acrylate polymerization. The generated algorithm was based on
the optimization of profiles of the feed rate of monomer and
surfactant to obtain a target PSD. Later on, Immanuel and
Doyle?! controlled the PSD using a multiobjective optimization
algorithm by both open-loop and feedback algorithms. Doyle et
al.?2 developed a hybrid model-based approach to control the
PSD of styrene polymerization. The algorithm uses the partial
least-square model to optimize the feed rates of surfactant and
initiator.

Using estimators in the control algorithm is interesting to
obtain information about the nonmeasured properties and to
overcome modeling errors. Actually, because the model is used
in a closed-loop manner by using the process outputs, this
allows detection of process mismodeling. In this study, we
propose estimators of the PSD and the nucleation rate. The
estimators are developed based on a new model derived from
the 0—1 model. After a presentation of the 0—1 model, the new
model is developed, validated, and compared to the original
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0—1 model. Then estimators of the PSD and nucleation rate are
constructed using this model.

Modeling
Population balance equations

The general population balance equation is given by the
following hyperbolic differential equation:

dn
a¢(m, 1) a[g(n, ) df}
at * am

= Eﬁgenemtion( n, t) ( 1 )

where {(m, 1) is the population density function, R,,..ion 15
the rate of generation of new members in the population, and
dn/dt accounts for variation in the property n with time.

In emulsion polymerization, the PSD can be described by
two types of models. Both models couple the population bal-
ance equations and the reaction kinetics in the aqueous phase
and in the polymer particles: initiation, propagation, termina-
tions, transfer, nucleation, growth, and coagulation. The first
model is the pseudobulk model that is available for large
particles in which more than one free radical can coexist for a
significant period. To represent these kinetics, two differential
equations are necessary. The first equation represents the evo-
lution of the PSD for particles that have zero, one, or more
radicals and the second equation represents the number of
radicals in those particles as follows (for more details see
Immanuel et al.!?):

on(r, 1) dln(r, DG(r)] .

at + ar = 9{,”“,8(7' - rnu()) + m('oagulution
an(r, t) . .

at = 5) entry S),tdesurptiun - 25Rtf'rminatiun

2

The particle density n(r, f)dr is defined as the number of
moles of particles of size between r and r + or at time 7; N,
is the rate of nucleation; 6(r — r,,,.) is the Dirac delta function,
which is unity at r = r,,. and zero elsewhere; G(r) is the
particle growth [G(r) = dr/dt]; and R, Ryesorprion. and
N e minarion are the total rates of entry, desorption, and termi-
nation within a single particle of size between r and r + &r,
respectively.

The second model is the zero—one model.” This model is
adapted only for systems with the number of radicals per
particle equal to O or 1. Therefore, this model is generally
available for small particles, except for monomers that propa-
gate rapidly, such as acrylates, where small particles exhibit
pseudobulk kinetics.?> This model distinguishes particles that
have a polymeric radical (n,,), particles that have no radicals
(ny), and particles that have a monomeric radical (n,,,), as
shown in Figure 1 Nucleation produces particles with one
radical (n,,). A particle of type (n,,) becomes a particle of
category n, if a new radical enters in or becomes a particle of
the category n,,, if the radical it contains becomes a monomeric
radical by transfer to monomer or small chains. The distinction
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between particles containing one radical and particles contain-
ing a monomeric radical is necessary in the 0—1 model because
desorption concerns only monomeric radicals.

Because the objective of this work is to monitor the PSD
starting from the beginning of the reaction, where the par-
ticles are small, the 0—1 model will be used throughout

any(r, t)
Jat
any(r, t)
at
ony,(r, t)
at

where p,,, (r, 1) represents the rate of entry of a radical of
length i (z =i = j,, ) into particles; p,,,_..(r, t) represents the
rate of entry of a monomeric radical into particles; and p(r, t) =
Pener(Fs 1) + Ponem(r, 1) is the overall rate of radical entry into
particles.

The total number of particles of size between r and r + dr
is given by

n(r7 t) = nO(r’ t) + nlp(r9 t) + nlm(r’ l) (4)

Micellar (R,,,,._,,;..) and homogeneous (N,,,,. ) nucleations
cause formation of very small particles containing a radical.
The total nucleation rate (N,,.. = N,e rom T Mucmic) thus
acts as a boundary condition of Eq. 3. This results in a Dirichlet
condition as follows:

( ) _ mnu(‘(t) 5
nlp Fnuces 1) = G(rmw) ( )

with

Jerie—1

Stnuc—mic = 2 kem,i[Micelle] [IMI] Vaq

i (6)
mnuc—hmn(l) = k;i,;,.,1—1)[M]uq[lel.,,-,—l]qu
p+kd@5 Pent—r
P
/Ajm k\\\
kpelMp]
pe > Rnuc
«-— M

k,[M,]

Figure 1. 0-1 model.
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this work to monitor the process. The particles were
assumed to be colloidally stable, and therefore coagulation
is not represented but can, however, be added to the
0—1 model. (For more details on the model see Crowley et
al.'s)

= p(l", t)[nlp(r, t) + nlm(r7 t) - nO("? t)] + kzle.v(r)nlm(ra t)

a[G(r)nlp(ri t)]

ar + 8’t"llt(,'B(r - rﬂllC) (3)

= pem‘—m(r’ t)nO(r7 t) + krr[M]Pnlp(ra t) - nlm(r’ t)[p(ry t) + kpe[M]P + kdes(r)]

The average number of radicals in particles of size r at time
t [n(r, 1)] is the ratio of particles containing either a radical or
a monomeric radical to the total number of particles, which
theoretically cannot exceed 1:

ny(r, 1) + ny,(r, 1)
n(r, t)

n(r, t) = 7

Aqueous-phase reactions

Particle nucleation and radical entry/exit from the particles
depend on the concentration of micelles and radicals in the
aqueous phase. Therefore, to solve the population balance
equations, material balances in the aqueous phase should be
studied.

The polymerization process starts by the initiator decompo-
sition (/) in the aqueous phase producing primary radicals (I')
that react with monomer molecules (M) to generate oligomeric
radicals (/M;). The main reactions taking place in the aqueous
phase are illustrated in Table 1.

Radical entry and desorption from particles is governed by
the coefficients (k.z, k,; and k) that are assumed to be
diffusion controlled (D,,) and depend on the particle radius as
shown in Table 2. [E] is the concentration of monomeric
radicals that have a lipophilic nature and can therefore diffuse
easily into particles and desorb out of them. [7] is the total
concentration of radicals in the aqueous phase, defined by

Jeri—1

[T1= > [IM]+[E]+[I]

i=1

where z is the critical chain length at which polymer radicals
can enter polymer particles or micelles (micellar nucleation)
and j_, is the chain length at which the radicals become
insoluble in water and thus precipitate as new particles (homo-
geneous nucleation).

Writing the material balances of the species in the aqueous
phase requires the integration of the whole PSD:

(v o,
Ve T - yaa - kd[l] (8)
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Table 1. Aqueous-Phase Reactions

Primary radical initiation

Polymer radical initiation

Propagation

Termination

Radical transfer to monomer

Micellar nucleation

Homogeneous nucleation

Radical entry into particle

Entry of a monomeric radical into particles

Ky

I—2r

o0
kPr

I +M—IM,

e

IM, + M —> IM,.,

IM; +T
K
I + T— inactive polymer chain

E+T
k!
IM; + M — E + inactive polymer chain

Ko
IM; + Micelle — new particle (7 <i<j,; — 1)

Ko
IM;,,, -, + M —— new particle

kei
IM; + particle, — particle, .,

ket
E + particle, — particle, .,

L (d[I]ve)
Ve dt

=2k [1] = (kfIM],, + KT (9)

1 d([IM,]V*)
% dt

= klIM1, 1] — (kA M ], + K[T] + kM1, )[IM,] (10)

amveny "
g = KMV, (] = (KM, + KT

+ k?rq[M]aq)[IMz]’ i= 2, Z— 1 (11)

Table 2. Description of Parameters

Parameter Description
G(r) k,[M1,MW,,
4md,N,
kdes 3Dw[M:|f1‘;r
AIM
ke 4mNaD,,
7y N (E=i=jeu—1
k. 4mr,NaD,,
Kem.i 4mNaD,,
Fiic A E=i=jou—1
\i
T d 173
’(d,,, - [M];:”M%)
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1 dilIM]v(1)}
v dt

= k;?ifl[M]aq[lMi*I] - (k;qz[M]aq + k;lq[T]

+ k?rq[M]aq + kem,i[Micelle])[IMi]

’ k.n(r)dr[IM,]

Tnuc

- W i=z, jcrir =1 (12)

1 d{[E]v* L=
Vaa w - % J kgel(r)ny,(r)dr + k;zrq[M]uq[T]

Tnuc

w©

— | kaOEWIdr = KAENT] (13)

Tnuc

where V“/is the volume of the aqueous phase, Q, is the initiator
flow rate (mol/s), and [/] is the initiator concentration (mol/
dm?).

It is important to note that species in the aqueous phase are
difficult to measure precisely. Therefore, determination of the
kinetics of a system is not easy. Moreover, these species are
usually affected by the inhibition phenomena. Therefore, at-
tention should be made when using these equations in an
open-loop algorithm.

Monomer material balance and partitioning between the
phases

The amount of residual monomer can be calculated either by
doing a balance on the monomer, taking into account the
reaction rate,
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dn,(1)

Rp(1)

or by doing a mass balance on the polymer ([M],),

4 =
m,(t) = 3 7d,N, r*n(r)dr
Tue (15)
Ty mp(t)
Nm(z) - Nm(t) MWm

where N, (f) and N;(t) are the number of moles of residual
monomer and the total number of moles of monomer intro-
duced to the reactor at time ¢, respectively; Q,, is the monomer
flow rate (mol/s); mp is the polymer mass; and N, is Avo-
gadro’s number. Both ways require the integration of the PSD
because w, the number of moles of radicals in the polymer
particles, depends on the average number of radicals in the
polymer particles of any size at time ¢ [n(¢)] and the total
number of particles in the reactor (N5):

a(t) X Ny(1)
u:iji—f (16)

where N}, can be obtained by integrating the function repre-
senting the PSD [n(r, 1)] over r:

w©

Ni(t) = n(r, t) N, dr (17)

Tnuc

and n(?) can be related to n(r, ) using Eq. 7, which gives the
following:

’ n(r, tyn(r, t)dr

Tnuc

n(t) = - (18)
n(r, t)dr

Tnuc

During interval II (saturation of polymer particles), the con-
centration of monomer in the polymer particles {[M]3" (mol/

dm?)} is calculated using the partitioning coefficients's:

dm
sar —
[M] aq deaqMWm

where [M]; is the concentration of monomer in the aqueous

phase under saturation (mol/dm?):

(M1 = M1 X K

q p-aq

Because the 0—1 model—used during this entire study—is
adapted to small particles in the absence of gel effect (there-
fore, it is rarely available during interval III), we intended to
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maintain the polymer particles under saturation in all the sim-
ulations ([M], = [M3"]). Therefore, the model representing the
concentration of monomer in the polymer particles in interval
IIT is not necessary.

Surfactant material balances and micelle concentration

The surfactant is assumed to be introduced at a flow rate Qg
(mol/s) that is smoothed by a first-order model of reference:

dNi(t) .
dr 0s(1) (19)

where Ny is the total number of moles of surfactant in the
reactor.

The concentration of free surfactant in the aqueous phase
([S“!]) can be calculated from the following balance equation:

[S“]V™ = Ny — N§ = N3
Ny

where N4 and N¢ are the number of moles of surfactant
adsorbed on the surface of particles and droplets as given by
the following thermodynamic relationships:

3v¢
Ng = (20)

Ayl ¢N 4

Sparb .y[ Suq]

p_ _ Spar7sty 1
M= N1+ b [5) @D
where S, is the total particle surface:
Spar = 47N, n(r)ridr (22)

Thuc

and V is the droplets volume (dm?).
The concentration of micelles ([Micelle]) is then calculated
using the following expression:

[§4] — CMC
[Micelle] = max| 0, ————— (23)
nagg
where CM(C is the critical micelle concentration and n_,, is the

ag;
aggregation number for the surfactant. This signifies iqliat mi-
celles exit only if the concentration of surfactant in the reactor
exceeds the CMC. Particle nucleation occurs at a minimum
size (r,,.) as a result of the presence of micelles that are formed
under sufficient concentration of surfactant. The rate coeffi-
cient of particle nucleation (k,,, ;) is diffusion controlled and

calculated using the radius of micelles (r,,,.) (Table 2).

Mathematical Treatment

Experimental measurement of the PSD, by CHDF for exam-
ple, gives the total number of particles of size r [n(r)] and does
not give n,,(r), ny,,(r), and ny(r) individually. Therefore, con-
structing an estimator using this measurement would be easier

Vol. 51, No. 12 3171



using a model that gives n(r) directly rather than using the 0—1
model that describes the three states individually. Therefore,
developing a model for small particles that have the same form
as the pseudobulk model would be of interest.

For this reason, the 0—1 model presented above is used in
this section to develop a new model that has the form of the
pseudobulk model.

Development of a bulk-like model for the 0—1 system

The new model is developed using equation system 3. The
change of variables to obtain the new model consists of the
equation of n(r, ) (Eq. 7) that can be written under the
following form:

N(r, t)
n(r, t)

n(r, t) = (24)

with N(r, 1) = ny,(r, 1) + n,,(r, 1).
The sum of the three equations in the 0—1 model (Eq. 3)
gives a balance on the total number of particles in the reactor

[n(r, 1)]:

on(r, t) B aG(r)ny,(r, 1)
at Jar

+ s'J:{}’lll(fﬁ(}ﬁ - rnu(') (25)

In this model, the particles n,,, are assumed not to be
growing, that is,

aG(r)ny,(r, 1)
— T =0
ar

This is explained by the fact that the lapse of time during which
a particle is of type n,,,, is very small. Actually a particle of type
n,,, becomes very quickly either an n;, (if the monomeric
radical propagates), in which case it grows normally, or be-
comes an n, (if the monomeric radical desorbs or terminates),
in which case it does not grow. For this reason, assuming that
the particles (n,,,) grow as the particles of type n,, does not
affect the evolution of the PSD. In this case, Eq. 25 can be
written under the following form:

on(r, t) B G, (r, 1) + ny,(r, 1]
a ot

+ mnucs(r - eruC)
(26)

By combining Eqs. 24 and 25 with the approximation given
by Eq. 26, the following model is obtained for n(r, ):

on(r, t) B oG(r)n(r, Hn(r, 1)
a or

+ f)’tnucs(r - erll(‘) (27)

and the following equation can be obtained for n(r, f) by
deriving Eq. 24 with respect to time:

IN(r, 1)
ai(r. 1) B n(r, t) —ar N(r, 1)

at n(r, t)

on(r, t)
at

(28)
In a similar way, by combining Eqs. 3, 24, 26, and 28, the
following equation can be derived:

on(r, t)
at

= p(r, )[1 = 2a(r, 1)]

N G(r)n(r, t)n(r, 1)] [ﬁ(r, ) — 1] B kyos(F)1y,, (7, 1)
ar n(r, t) n(r, t)

(29)
Applying the quasi-steady-state assumption for [n,,,(r, 1)], as

suggested by Crowley et al.,'8 the following algebraic equation
is obtained from Eq. 3:

pent—m(r, t)”o(”, t) + ktrl:M]Pnlp(r7 t)
p(r, t) + kpe[M]P + kdes(r)

l’llm(}", t) =

Using the definitions of N(r, 1), n(r, t), and Eq. 24, the
expression of n,,,(r, f) can be rewritten under the following
form:

_ Paunlr, On(r, O[1 = a(r, 1)]
s 0= 0y + M1k + k) + k()

ko[M1p(r, )n(r, 1)
p(r’ I) + [M]P(kpe + ktr) + ktles(r)

(30)

Finally, the new model (bulk-like model) representing the
PSD of a 0—1 system is therefore the following:
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( 9 AlG(r)in
() ”grt n_ _dl (r)n(;’rt)n(r’ 2 + N, 8 = o)
on(r, 1) . IG)a(r, Hn(r, D] [Alr, 1) — 1
(b) FrE p(r, H[1 — 2n(r, ] + or { n(r, t) ] Gh
+k (r){ Peni-n(rs [1(r, 1) — 1] - ki [Mn(r, 1) }
\ des p(r’ t) + [M]P(kpe + krr) + kde_s.(r) p(}’, t) + [M]P(kpe + ktr) + kda.;(r)
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— 0-1 model
= Bulk-like model

PSD at 1700s (mol/dm)

. . . .
0 0.5 1 15 2 25 3 35 4 45
Particle size (dm) x 107

0 L L I L

Figure 2. PSD at 1700 s (without desorption).

with the following boundary conditions:

ERnu('(t)
n(rnucs t) = G(r )

and (e 1) = 1

As in the 0—1 model or even in the pseudobulk model, n(r,
1) has no meaning if n(r, r) = 0, that is, if there are no particles
of size r at time t. Actually, the equation that allows us to
calculate n(r, f) in the 0—1 model is singular if n(r, 1) = 0 (Eq.
7). This singularity is maintained in the new representation of
the 0—1 model derived above (bulk-like model). Therefore, a
test has to be done on the value of the PSD before calculating
n(r, t). If n(r, t) = 0, then n(r, 1) is not calculated, or taken to
be zero.

Numerical solution

The population balance equations for the 0—1 system given
by Eq. 3 and the bulk-like model (Eq. 31) are solved by the
finite-difference method of order 1 applied on the derivative
with respect to r (particle radius). This approximates the inte-
gro-partial differential equations by ordinary differential equa-
tions with respect to time and discrete radius increment. An
equal increment of radius is used (6r = 0.4 nm). So, a large but
manageable number of coupled ordinary equations is obtained.

The finite-difference method is one of the discretization
techniques applied to solve the population balance equations
that is easy to use. However, approximating the derivatives
using this method might result in erroneous oscillations in the
distribution. In this work, no effort was made to improve the
approximation method. The finite-element method was found
to be sufficient to compare the two models and to test the
observers’ robustness. It remains yet important to develop
more robust techniques to solve the population balance equa-
tions under hard conditions.

The parameters used for simulation correspond to those of
styrene polymerization at 50°C that could be found in the
literature.

AIChE Journal
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Comparisons between the original and bulk-like models
for the 0-1 system

The bulk-like model still describes the PSD of a 0—1 system.
The equation of n(r, f) contains the terms related to absorption/
desorption and transfer that are dispersed between the equa-
tions of the 0—1 model. To calculate n(r, f), the PSD has to be
known and integrated as in the O—1 model.

The main reason that encouraged us to write the model under
this form is the facility of applying the observers, as will be
seen in the next section. This is because the state of the system
[n(r, )] is the direct measurement and property we are inter-
ested in controlling. A second advantage of this form is that the
bulk-like model allows us to study easily the influence of each
parameter on n(r, t) and therefore on n(r, f). For instance, if
desorption or transfer is neglected, then only the equation of
n(r, t) is modified and the equation of n(r, ) is maintained
without any change.

Finally, the bulk-like model simplifies the transition between
small and large particles. Actually, to calculate the PSD of
small particles, the bulk-like model will be used and then, for
large particles, the pseudobulk model can be applied. This will
require changing the equation of n(r, f) only for large particles,
whereas the same equation of n(r, f) continues to represent the
PSD. When the 0—1 model is used to describe the PSD of small
particles, the transition to large particles represented by the
pseudobulk model that is completely different from the 0-1
model would be difficult.?

To validate the bulk-like model, it was compared to the 0—1
model by simulation under the same conditions. Two cases
seemed of interest to be studied: In the first case, no desorption
is assumed [kq.(r) = 0] and in the second case, the desorption
is calculated using the equation represented in Table 2.

Figures 2-5 represent the PSD and n(r, f) without and with
desorption, respectively. The figures show that the bulk-like
model gives very similar results as the 0—1 model. It can also
be seen that when no desorption takes place n(r, t) is equal to
1 for most particle sizes, which is the maximum allowable
value in this model. However, when desorption takes place,
n(r, t) has smaller values and increases with the particle size.

S ° °
-~ f=- ©
; i i

at 1700s

o
)
T

=
i
c
0.5F -
04r -
0.3 4
021 T
—— 0-1 model
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01 L L L L I ¢
0 0.5 1 15 2 25 3 35 4 4.5
Particle size (dm} %107

Figure 3. Average number of radicals per particle at
1700 s (without desorption).
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Figure 4. PSD at 1700 s (with desorption).

Figures 6 and 7 show the flow rate of surfactant used in the
simulations and the resultant concentration of micelles when
desorption is neglected or included in the model, respectively.
It can be seen that the same flow rate of surfactant does not give
the same evolution of the concentration of micelles in both
cases. Under desorption, the concentration of radicals in the
aqueous phase is higher and therefore the nucleation rate is
higher. The total number of particles produced is therefore
smaller without desorption than with desorption (see Figures 8
and 9).

Observer Design

A continuous stream information about the evolution of the
PSD is necessary for process control. However, the PSD is
difficult to measure on-line and the process model involves a
number of parameters that are sensitive to impurities and are
difficult to identify. This necessitates the construction of an
observer to monitor the PSD.

An observer combines the process model describing the
chemical reactions and physical behavior with the existing
on-line measurements to estimate the unknown parameters or
states of the system on-line. Among these algorithms, the
Kalman filter is often proposed in the literature. This filter
requires solving the dynamic Riccati equation, which is non-
linear. For a system of dimension k, the dimension of the space
of the Riccati equations is (K + k)/2. Moreover, the choice of
the weighting matrices of the Riccati equations is difficult.
Therefore, the Kalaman filter becomes difficult to adjust and is
time consuming.

Our approach consists in designing an observer that derives
from the high-gain techniques (see, for instance, Bornard and
Hammouri?#; Deza et al.?5; Gauthier et al.2°; Gauthier and
Kupka??; Farza et al.?; Hammouri et al.?°; and Edouard et
al.?%). The gain of the proposed observer does not require
solving any differential equation and its tuning is easier.

In the following, two estimators are constructed. The first
one allows the estimation of the number of moles of radicals in
the particles (n) from the measured overall conversion. Then
this estimate is used in a second observer to estimate the PSD
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assuming first a known model of n(r, f) and then with errors in
the model of n(r, f), which is more usual.

Estimation of n

Excitement of equation system 31 is attributed to particle
formation either by micellar or homogeneous nucleations
[N,.(D)]. The rate of nucleation is directly related to the
concentrations of monomer ([M]3"), radicals ([IM;] forz =i <
Jerie — 1) and micelles ([Micelle]) in the aqueous phase. How-
ever, the concentrations of radicals in the aqueous phase is
sensitive to impurities and inhibitors and the concentration of
micelles depends on a number of coefficients that are not well
known (adsorption and desorption). This makes the process
irreproducible and necessitates on-line measurement of the
reaction rate and the kinetics in the aqueous phase.

In this work, the monomer conversion

N, (1)
N,,(0)

X()=1-

is assumed to be measured on-line. This can be done by calorim-
etry,>'-3 on-line gas chromatography, or by spectroscopy.

Based on this measurement, Othman et al.3* developed an
estimator of the parameter w. The estimation of u allows
detection of inhibition and determination of the real value of
the reaction rate. The estimation is based on the material
balance of monomer given by Eq. 14. In this nonlinear equa-
tion, the sole unknown parameter is w. This is similar to saying,
1 is observable from the model 14 if the residual number of
moles of monomer is measured. A high-gain nonlinear estima-
tor could therefore be constructed to monitor p:

dN,(1) .
dt = Qm - kp/"’(t)[M]P - 20(Nm - Nm)
dt - kp[M]P ( m m)
where 6 is a positive tuning parameter of the observer.
0.35 T T T
o Bulk-like model
03K -
0.251 i
g
%0.2» ]
0.151 4
04f 4
0.051 -
0 0.5 1 15 2 25 3 35 4 4.5
Particle size {(dm) 107

Figure 5. Average number of radicals per particle at
1700 s (with desorption).
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Figure 6. Surfactant flow rate and concentration of micelles (without desorption).

The PSD and the average number of radicals per particle
will be estimated using the bulk-like model and based on the
estimate of u. The parameter p contains information about
the particles’ number and the average number of radicals per
particle. However, the PSD and the average number of
radicals per particle are not observable using the unique

information of w.

-3

To dissociate the influence of the PSD and the average
number per particle on w a model of n(r, r) will be used. If
this model is very well known, then n(r, f) can be simulated
in an open-loop manner and, in this case, n(r, t) becomes
observable because the unique unknown parameter. How-
ever, the known models of n(r, t) involve the kinetics in the
aqueous phase that are not always reproducible, and the
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Figure 7. Surfactant flow rate and concentration of micelles (with desorption).
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Figure 8. Total number of particles (without desorption).

parameters of absorption and desorption that might contain
some irreproducibility. The model of n(r, f) must thus be
adjusted on-line. This requires the use of a new measure-
ment that decouples n(r, ) and n(r, t). In this case, the

average number of particles is supposed to be measured
from time to time. This ensures the correction of the model
of n(r, t) and thus allows estimation of the PSD.

Both cases will be studied in the following sections:
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Figure 9. Total number of particles (with desorption).
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e First, the model of n(r, t) is considered known.
e Second, uncertainties are considered in the model of
n(r, 1.

Estimation of the PSD with a well-known model of
n(r, t)

To estimate the nucleation rate and the PSD, the bulk-like
model developed for the 0—1 system is used with the on-line
measurement of the monomer conversion and the estimator
of .

If p is estimated on-line and if the model of n(r, 7) is
assumed to be accurate, then the dynamic of N;(t) can be
estimated from the value of w(r). Deriving Eq. 17 with respect
to time, and using Eq. 31 gives the following expression:

dN(1) _d [ r ~
dt - a n(r’ t) r= G(rnuc)n(rnuc’ [)n(rnuc’ [)

Fnuc

= N,.(t) + G(ro)n(re, On(r., 1) (33)

However, if the domain of r is large enough such that the
particles’ size does not exceed it, then the following assump-
tion can be made:

G(ro)n(r., H)n(re, t) =0

Numerically, if the finite-elements method is used to solve
the PSD, then this assumption can be ensured by using a high
final particle size or by using a moving horizon of finite
elements that is always higher than the largest particles.

This gives

dN/(1)
dr

N1 (34)

Equation 34 shows that the nucleation rate is observable
from the measurement of NZ(I) that can be obtained from p if
n(t) is obtained by open-loop simulation. Because the nucle-
ation rate is the sole parameter affecting the PSD, then the PSD
can be reconstructed using the estimated value of N,,,.(r) and
Eq. 31a. This assumes that the kinetics of growth are well
identified. In the case of well-known kinetics of coagulation,
the estimation of the PSD based on the estimated rate of
nucleation would also be possible using the same observer.
Actually, the rate of coagulation is added to the rate of nucle-
ation but with some dependency on the PSD. This would not
affect the observability of the system. The nucleation rate
remains observable from Eq. 33 where the known coagulation
term is added.

The global extended model needed to construct the observer
takes the following form:

i(1) = A(r)x(0)
p(1) X N,

y(t) = Cx(t) = [0- - -0100]x(#) = )

= Np(1)
(35)
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where x(7) is the state of the system of dimension k + 3, where
k corresponds to the size of the finite-element approximation:

x,(1) n(7 e + kor, t)
_ xk'(t) | (P + or, t)
W= 0|~ Mo
xk+2(t) E)inuc(t)
Xi3(1) e(1)

Note that, the unknown dynamic of R,,,,.(¢) is represented by
&(?), and A(r) is given by

—a,  a, 0 . .0 0
0 —-a-, a4, O 0
. 0 . oo 0
A(r)=1] 0 0 —a O 1 0
0 0 0 1 0
0 R |

The a; expressions are given by the following equation:
a; = G(rye + idr)n(r,,. + idr, t)/6r (36)
The dynamic structure of Eq. 35 is under a canonical form of
observability, which allows us to construct a high-gain ob-

server (see, for example, Farza et al.?%) as given by the follow-
ing system:

(1) = AP £(1) = O[£1(1) = y(1)]

(1) XN, (37)
() = 0
where

0
0

=13
56°
05

The positive parameter 0 allows us to adjust the observer
convergence rate. Using a high value of 6 allows the observer
to converge quickly to the set point but amplifies measurement
noise. In our case, the best value obtained by simulation cor-
responds to 6§ = 7. It can be seen that the first k states,
representing the PSD, do not have a corrective term. In fact, the
observer allows us to filter NpT(t) and gives an estimate of the
nucleation rate r,,,.(f). The nucleation rate is then introduced in
Eq. 31 to calculate the entire PSD.

Figure 10 gives the surfactant feed rate used in the simulation.
The resulting free surfactant concentration resulting from the
addition of surfactant is presented in Figure 11. The estimation
results using equation system 35 combined with Eq. 31b are
shown in Figures 12 to 14. It can be seen that the estimator
converges well to the process model. Figure 12 shows that the
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Figure 10. Feed rate of surfactant.

nucleation rate increases when the concentration of surfactant
exceeds the CMC, which results in two nucleation times. The
second time is saturated by the concentration of radicals present in
the aqueous phase. Figure 13 shows that the average number of
radicals per particle is 0.5 during homogeneous nucleation and
then decreases to 0.1 during micellar nucleation and is maintained
very small during the growth of particles. Finally, the PSD at
1500 s is shown in Figure 14. The estimator reconstructs the
estimation of the PSD very well.

The observer developed in this section thus allows us to esti-
mate the PSD from the measurement of the monomer conversion
even under disturbances if the model of n(r, 1) is supposed to be
accurate. However, the model of n(r, f) contains uncertainties
arising from inhibition and possible errors of parameter estima-
tion. For this reason, the observer must be adapted in a way that
allows the estimation of the PSD even under uncertainties in the
model of n(r, t). Figures 15 and 16 show the influence of n(r, r) on
the PSD. Actually, n(r, t) and therefore n(¢) have a direct influence
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Figure 11. Concentration of free surfactant.
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Figure 12. Estimation of the nucleation rate.

on the nucleation rate and on the rate of polymerization by Estimate (1)
influencing the parameter () in Eq. 16. To illustrate this impor-

tance, simulation of the PSD was done with a constant value of

n(r, 1). These results were then compared to the simulation using

the value of n(r, ) obtained from the equation model 31a. The two

following values were used in the simulations and are called

“estimate (1)” and “estimate (2),” whereas the real value obtained

from the model is called “model”: and thus n = 0.2.

0:2
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0.2
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Figure 13. Estimation of n(f).
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Figure 14. Estimated PSD at 1500 s.
Estimate (2) Figure 15 shows that n(r, t) substantially affects the nucle-
ation rate and therefore the PSD. Figures 16a, 16b, and 16¢
1 represent the real PSD and the PSD obtained by the constant
a(r) = . values of n(r, f), “estimate (1)” and “estimate (2),” respec-
1 tively. This shows that in-depth knowledge of n(r, f) is neces-
sary to obtain the real PSD. The open-loop simulation of the
and thus 77 = 1. model of n(r, t) that might undergo uncertainties is not effi-
x107°
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Figure 15. Influence of the value of n(r, ) on the nucleation rate.
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Figure 16. Influence of the value of n(r, f) on the PSD.

cient. In the following section, an observer is developed to take
into account any uncertainties in the model of n(r, f).

Estimation of the PSD assuming uncertainties on the
model of n (r, t)

To estimate n(r, t) and n(r, f) simultaneously, the observer
should be able to overcome inaccuracies in the model used for
the estimation, especially concerning the model of n(r, t) that is
sensitive to impurities.

If the model of n(r, f) undergoes any uncertainties, then it
cannot be used in an open-loop manner to estimate the PSD.
The unique measurement of the monomer conversion does not
permit one to update the model of n(r, f) and to estimate N,f(z).
To take into account uncertainties in the model of n(r, t), a new
measurement has to be done to distinguish the influence of 7(f)
and Ng(t) on the parameter (7).

This can be done either by measuring 7n(r, ) or n(r, t) at
discrete intervals, which allows one to update the model of n(r,

on(r, t)

1). However, a discrete measurement of the PSD is not usually
available and requires sophisticated apparatus such as CHDF.
Nevertheless, to decouple the influence of n(f) and N;(t) on the
parameter w(f), measuring n(f) or N;(t) at discrete intervals
might be sufficient. This would allow to update the model of
n(r, t). Experimentally, the average size of particles can be
measured easily and quickly by light scattering, which allows
us to calculate N(f).

The monitoring strategy thus consists of measuring the
monomer conversion continuously and measuring the average
particle size (therefore the total number of particles) at discrete
intervals. Based on the monomer conversion measurement, the
parameter p is estimated using the observer presented by
equation system 32. The PSD observer (Eq. 37) is then applied
to estimate the PSD using a simplified model of n(r, f), which
is derived from Eq. 31a by maintaining the most important
terms numerically.

Let us consider Eq. 31a again:

=\p(r, N1 = 2a(r, t)l +

A(r,t)

at ar

Pen-n(rs D[n(r, 1) — 1]

oG(r)n(r, t)n(r, t) [ﬁ(r, 1) — 1]

n(r, t)

ki [M]pn(r, 1)

! 'f"‘““(r){p(r, 0+ M1k + k) + kao(r)  p(r, 1) + M1k, T k) + km(r)} 9

]

In this equation, A(r, t) and B(r, f) are functions of the
concentration of radicals in the aqueous phase (/M5 and IM,)
and the concentration of micelles ([Micelle]). To calculate

AIChE Journal December 2005

B(r, 1)

these terms exactly, the desorption and adsorption phenomena
should be accounted for. These terms thus imply an important
calculation time. However, a rapid numerical analysis of these

Vol. 51, No. 12 3181
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Figure 17. Influence of the parameter D,, on the parameters k., k., and k_ 5.

terms showed that the terms A(r, ) and B(r, t) have a slow
dynamic and do not change abruptly even under nucleation.
The second term is the most sensitive to nucleation and under-
goes a rapid dynamic. This allows us to neglect changes
coming from the terms A(r, f) and B(r, 1) if they are well

PSD mol/dm

X10

4.5 4 135 37 25 2

initialized. In this way, we ensure that we take into account any
nucleation that would guarantee having the good PSD by the
continuous observer presented in the previous section.

The following model of 7n(r, f) can therefore be derived from
Eq. 38:

2000
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Figure 18. Estimation of the PSD by the continuous-discrete observer.
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on(r,t)  oG(r)n(r, n(r, t) [n(r, t) — 1 The estimation results are presented in Figures 17-19. Error in the

ot or [ n(r, 1) ] (39) model of n(r, 1) was mainly supposed to become from the rate of

diffusion (D,,) that is supposed to influence the rate of absorption of

Initialization of this equation becomes the crucial step of the =~ monomeric radicals (k,z) and the rate of desorption (k). Figure 17
estimation. Using the discrete measurement of NZ, n(r) is presents the influence of the parameter D,, on the parameters k., K,z
estimated and the model of n(r, 7) (Eq. 39) is reinitialized at this and k, 5. It can be seen that D, primarily influences the parameter k.
estimated value. Figure 18 presents the estimation of the PSD using the
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Figure 20. Estimation of the particles’ number by the continuous-discrete observer.
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continuous-discrete observer. Figure 18a represents the real
PSD (D,, = 1.5 X 107 7). Figures 18b and 18c represent the
estimated PSD with an error on D,, (D,, = 1.2 X 10~ 7 and D,,
= 1.8 X 1077) with a discrete correction every 300 s. In the
second part of the figure, it can be seen that n(7) is well
estimated. An error of estimation can be seen on the estimation
of the nucleation rate, presented in the first part of Figure 19.
However, it can be observed that both populations could be
detected. This is because the nucleation could be detected by
the growth term in Eq. 38. This is shown in Figure 19 repre-
senting the estimation of the nucleation rate and 7n(f). As in the
previous figures, D,, = 1.5 X 10”7 represents the real process
and the other curves correspond to the observer with an error
on D,,. It can be seen that these curves tend to converge to the
real process at each correction (every 300 s) and then return
quickly to the normal model dynamic, although these correc-
tions ensure the best detection of nucleation.

Corrections can also be seen in Figure 20, representing the
estimation of the number of particles by the continuous-dis-
crete observer. At each step of correction, a jump of the
estimated curve of N5 is remarked, which allows us to stay
close to the real PSD. The rate of change in the number of
particles is detected in both cases (D,, = 1.2 X 10”7 and D,, =
1.8 X 10~7). The estimated number of particles increases at the
middle, although no nucleation is taking place. This arises from
the error in estimating the nucleation rate. However, the rate of
increase is smaller than that detected during nucleation.

It is worthy noting, however, that these corrections can be
ameliorated if the real PSD is measured from time to time,
rather than an average diameter value. Even without any sup-
plementary measurements, this method can be used for feed-
back control of the PSD. Actually, nucleation could be detected
and therefore the entire PSD could be reconstructed based on
this estimate.

Conclusions

In this work, a new bulk-like model was developed to
represent the PSD in the 0—1 system. The new model is easier
to handle and makes possible the continuity between the 0—1
system (small particles) and the pseudobulk system (large
particles).

Based on this new model, a continuous-discrete observer
was developed to estimate the PSD and the average number of
radicals per particle simultaneously.

The observer is able to undergo modeling errors. An error
was supposed in the rate of desorption and absorption of
radicals, although the observer was able to detect nucleation
and to reconstruct the PSD.

This strategy should be a good tool for the control of the
PSD. Actually, the observer can be included in a control
scheme to manipulate the control variables: surfactant or ini-
tiator flow rates to obtain a target PSD.

Notation
a,, = surface area of droplets covered by a single surfactant mol-
ecule (4.2 X 107"7), dm?
ay, = surface area of particles covered by a single surfactant mol-
ecule (4.2 X 107"7), dm?
b, = Langmuir adsorption isotherm parameter (related to the sur-

factant coverage area ratio) (2.1 X 10%), dm*/mol
CMC = critical micellar concentration (3 X 10~%), mol/dm?
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= coefficient of initiator decomposition rate (7.4 X 1077), s~
= coefficient of the rate of radical entry into micelles, dm?

= coefficient of the desorption rate of monomeric radicals, s~
= coefficient of monomer propagation into particles (260), dm®

= monomer density (0.878), kg/dm?

polymer density (1.044), kg/dm?

= diffusion coefficient for monomer in water (1.5 X 1077),

dm?/s

= concentration of monomeric radicals, mol/dm?>

particle growth, dm/s

= aqueous phase concentration of oligomeric radicals of de-

gree i, mol/dm?®

= concentration of primary initiated radicals, mol/dm?

chain length at which the radicals become insoluble in water
and principate (5)

= coefficient of monomer partitioning between monomer drop-

lets and the aqueous phase (1966)
coefficient of monomer partitioning between polymer parti-
cles and the aqueous phase ([M[}g/[M]3" = 1348)

1

mol ! s7!

coefficient of the rate of radical entry into particles of size r,
dm?® mol ™' 57!
coefficient of the rate of entry of monomeric radicals into

particles of size r, dm® mol ' s~!
1

mol ! s7!

coefficient of initiation rate (=100 X k), dm® mol ™' s~

= coefficient of propagation of monomer with a one-unit rad-

ical (1200), dm® mol ' s™!

coefficient of propagation of monomer with a two-unit rad-
ical (280), dm®* mol ' s~!

coefficient of propagation of monomer with an i-unit radical
(i =3,4) (=k,), dm’ mol " s~

coefficient of propagation of monomeric radicals (260), dm?
mol ™! 57!

coefficient of termination in the aqueous phase (1.16 X 10°),
dm?® mol™! 57!

coefficient of transfer to monomer in the polymer particles
(9.3 X 1073, dm® mol ! 57!

coefficient of transfer to monomer in the aqueous phase
(=k,), dm® mol ™' 57!

= concentration of monomer in the aqueous phase, mol/dm®
sat
Ml =

concentration of monomer in the aqueous phase under sat-
uration, mol/dm?
concentration of monomer in the polymer particles, mol/dm?

saturation, mol/dm?

concentration of micelles, mol/dm?
polymer mass, kg

monomer molecular weight (0.104), kg/mol
total number of particles

= Avogadro’s number, mol '
= number of moles of free monomer in the reactor, mol

total number of moles of surfactant in the reactor, mol

= number of moles of surfactant adsorbed on the surface of

particles, mol

number of moles of surfactant adsorbed on the monomer
droplets, mol

number of moles of surfactant in the aqueous phase, mol
number of moles of particles of size between r and r + dr at
time ¢, mol

number of moles of particles of size between r and r + dr
containing no radicals at time ¢, mol

= number of moles of particles of size between r and r + dr

containing a monomeric radical at time 7, mol
number of moles of particles of size between r and r + dr
containing a polymeric radical at time ¢, mol

= micellar aggregation number (average number of surfactant

molecules in micelles) (60)

average number of radicals in particles of size r at time ¢
average number of radicals in the polymer particles of any
size at time ¢

flow rate of initiator, mol/s

flow rate of monomer, mol/s

= radius of micelles (2.6 X 10~%), dm
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F'yue = nucleation radius (=r,,,.), dm
ry = radius of the monomer droplets (1 X 10~%), dm
r. = swollen radius, dm
Rp = polymerization rate, mol/s
N, = nucleation rate, mol/s
= rate of homogeneous nucleation, mol/s
= rate of micellar nucleation, mol/s
[S*] = concentration of surfactant in the aqueous phase, mol/dm?
Spar = total particle surface, dm?
[T] = total concentration of radicals in the aqueous phase, mol/dm?
V* = aqueous phase volume, dm?
V¢ = volume of the monomer droplets, dm*
z = critical chain length at which polymer radicals can enter
polymer particles or micelles causing micellar nucleation (3)
= number of moles of radicals in the polymer particles, mol
p(r, t) = overall rate of radical entry into particles, mol/s

Penci(r, 1) = rate of entry of a radical of length i (z =i = j_,,_,) into

particles, mol/s

Penem(T, 1) = rate of entry of a monomeric radical into particles, mol/s
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